Abstract. It was shown by Seaman that if a compact, oriented 4-dimensional riemannian manifold (M, g) of positive sectional curvature admits a harmonic 2-form of constant length, its intersection form is definite and such a harmonic form is unique up to constant multiples. In this paper, we show that such a manifold is diffeomorphic to CP2 with a slightly weaker curvature hypothesis and there is an infinite dimensional moduli space of such metrics near the Fubini-Study metric on CP2. We discuss some of conditions which can be added in order to get the Fubini-Study metric up to diffeomorphisms and rescaling.
Introduction
Seaman showed that if a compact, oriented 4-dimensional manifold of positive sectional curvature admits a harmonic 2-form of constant length, then this harmonic 2-form is either self-dual or anti-self-dual [17] . This result was improved by Noronha [15] and Costa and Ribeiro [4] by using weaker curvature hypothesis. To describe these results, let P ⊂ T p M be a plane at a tangent space of p ∈ M . Then we define biorthogonal sectional curvature by
Seaman's theorem was improved in [15] by assuming K ⊥ > 0 rather than positive sectional curvature and in [4] by assuming K ⊥ < s 4 and positive scalar curvature condition. In this paper, we relate these results with an almost-Kähler structure. For this, we explain an oriented, compact 4-dimensional riemannian manifold (M, g) with a self-dual harmonic 2-form with length √ 2 defines an almost-Kähler structure. Then by using Liu's theorem [13] , we show that if a compact, 4-dimensional manifold admits a harmonic 2-form of constant length and has K ⊥ > 0, then M is diffeomorphic to CP 2 . This kind of argument was already used in Bär [2] in somewhat different case. Since we have not found a paper which explicitly mention theorems in the form of this paper, we provide some detail and discuss the existence of metrics which has a harmonic 2-form of constant length with positive sectional curvature on CP 2 .
Seaman's result and its improvements
First, we state results in [17] , [15] , [4] . In this paper, we only consider smooth, connected 4-dimensional manifolds. Theorem 1. (Seaman [17] ) Let (M 4 , g) be a compact, oriented riemannian manifold of positive sectional curvature. Then up to constant multiples, M has at most one harmonic 2-form of constant length. If M admits a harmonic 2-form of constant length, then the intersection form of M is definite.
Theorem 2. (Noronha [15] ) Let (M 4 , g) be a compact, oriented riemannian manifold and suppose K ⊥ > 0. If M admits a harmonic 2-form of constant length, then the intersection form of M is definite.
, where s is the scalar curvature. If M admits a harmonic 2-form of constant length, then the intersection form of M is definite.
We prove this result in a slightly different way and improve the conclusion. We mention our main theorems.
) admits a harmonic 2-form of constant length, then M is orientable and there is a choice of an orientation such that (M, g) defines an almost-Kähler structure. Moreover, M is diffeomorphic to CP 2 .
Theorem 5.
There is an infinite dimensional moduli space of metrics on CP 2 which have a harmonic 2-form of constant length and have K ⊥ > 0.
Let (M 4 , g) be an oriented 4-dimensional riemannian manifold. We identify vectors and forms canonically using a metric g. Let us fix one point p on M . Note that W ± = R − s 12 I ± : Λ ± → Λ ± is symmetric since R is symmetric. Thus there is an orthonormal basis of eigenvectors. Let α 
Let us consider the following expressions:
We provide a proof of the following Lemma in detail, which is stated in [4] .
Proof. Any plane P, P ⊥ ⊂ T p M can be represented by an orthonormal frame {e 1 , e 2 , e 3 , e 4 } such that P = span{e 1 , e 2 } and P ⊥ = span{e 3 , e 4 }. Since we identify vectors and forms using g, we get the corresponding orthonormal coframe, which we still denote by {e 1 , e 2 , e 3 , e 4 }. We suppose {e 1 , e 2 , e 3 , e 4 } is positively oriented. Then we have ≥ λ
On 2-forms on a 4-manifold, this implies α
Thus, there exists a positively oriented orthonormal coframe {f 1 , f 2 , f 3 , f 4 } at p such that
and
.
Then the claim follows. In a similar way, we can show that 2K
Since we have 2λ
Thus, we have
, then the scalar curvature s is positive.
Proof. Using an orthonormal basis, we can check directly, that
Let us write r
Then at a point p, we have 0 < r
Proof. Note that the condition K ⊥ 3 < s 4 is equivalent to the following inequality,
Thus, at a point p, we have either
) admits a harmonic 2-form of constant length, then either
Proof. We fix a point p. Let r + i (p) be eigenvalues of
We regard r 
Since s 3 −2W is positive at p and |ω| 2 is constant, we get ω = 0 at p, which is a contradiction. Thus, one of r A 
If we take an inner product with ω − , we get
Since s 3 − 2W − is a positive operator, by taking an integration we get
which is a contradiction. Thus, we get ω − = 0. The same argument shows that there are no anti-self-dual harmonic 2-forms on M . 
We show that M is diffeomorphic to CP 2 in the next section.
Remark 2. Note that in [17] , not only r [17] , we note that the method of proof in [17] still works under the hypothesis of K ⊥ > 0. Namely, r in (17), [16] is positive if K ⊥ > 0.
Main results
Let (M 4 , g) be a compact, oriented riemannian manifold and suppose a self-dual harmonic 2-form ω with constant length √ 2 is given. Then we have ω = * ω and ∆ω = 0.
Thus, if ∆ω = 0, we get d * ω = dω = 0. Also note that ω ∧ ω = |ω| 2 dµ g . Thus, ω is a symplectic form on M . Then from ω and g, an almost-complex structure J, which is compatible with ω and g, can be defined [11] . J is called compatible with g if g(x, y) = g(Jx, Jy) and with ω if ω(x, y) = ω(Jx, Jy) and ω(x, Jx) > 0 for all nonzero x ∈ T M . In this case, (M, g, J, ω) is called an almost-Kähler structure. We introduce Liu's theorem on a symplectic 4-manifold which admits a metric of positive scalar curvature [13] . A rational or ruled complex surface is either CP 2 or ruled. For more explanation in detail, we refer [11] .
We begin proof of Theorem 4.
Proof. Suppose (M, g) is orientable and K ⊥ < s 4 . Then, there is a choice of an orientation on M such that (M, g) has a self-dual 2-form ω of constant length. By multiplying constant on ω, we can assume the length of ω is √ 2. Then (M, g, ω) defines an almost-Kähler structure. If (M, g) is orientable and K ⊥ > 0, we have K ⊥ < s 4 with any orientation. Thus, in this case, we can also assume M is oriented in such way that (M, g, ω) defines an almost-Kähler structure. Since the scalar curvature is positive by Corollary 2, we get then M is diffeomorphic to a rational or ruled surface by applying Liu's theorem. Among these, only CP 2 has definite intersection form.
If M is not orientable, we get the oriented double coverM is diffeomorphic to CP 2 . On the other hand, this double cover would have an orientation-reversing diffeomorphism, and therefore τ (M ) = 0, which is a contradiction.
We prove Theorem 5.
Proof. Note that the Fubini-Study metric is the unique U (2)-metric on CP 2 with total volume When the dimension of a manifold is greater than 2, the dimension of this space is infinite dimensional.
Suppose g be a smooth metric on CP 2 which is close to g 0 in C ∞ (g 0 )-topology. We consider the equation ∆ g ω g = 0. Since b + (CP 2 ) = 1, the solution exists uniquely by Hodge Theory. Then a self-dual harmonic 2-form ω g is nondegenerate since this form varies continuously on the space of C 1,α -metrics [3] .
It can be shown that there is a unique almost-Kähler metric in the conformal class [g] as explained in [11] . We recall the proof. When metric changes from g to
Since the Hodge-star operator is a conformally invariant operator, ω g is a self-dual harmonic 2-form with respect to g ′ . Thus, g ′ is conformal to g and g ′ is an almost-Kähler metric.
Since ∆ g ω g = 0, by elliptic estimate, we have
Thus, if g is C 2,α (g 0 ), then ω g is also a C 2,α (g 0 )-form. We claim C 2 (g 0 )-norm of |ω g | g is small. For this, we only consider
Then by elliptic estimate, we have
Since the Levi-Civita connection is a metric connection, we get |ω g | 2
Note that |ω g 0 | g 0 is constant. Thus, we get the point-wise norm of |ω g | g is close to √ 2 and the point-wise norms of the first and the second derivatives of |ω g | g are small.
Since g is close to g 0 in C 2 (g 0 )-topology and the condition of positivity of sectional curvature is open in C 2 (g 0 )-topology, we get the sectional curvature of g is positive. Since C 2 (g 0 )-norm of u 2 − 1 is small, we get g ′ and g are also close in C 2 (g 0 )-topology. Thus, the almost-Kähler metric g ′ has positive sectional curvature.
Finally, we consider the following result.
Theorem 7. (Gursky-LeBrun [8] ) If M is a smooth, compact, oriented 4-manifold with strictly positive intersection form and g is an Einstein metric on M with non-negative sectional curvature, then there is a diffeomorphism Φ : M → CP 2 such that g = Φ * cg F S , where g F S is the Fubini-Study metric on CP 2 and c is some positive constant.
In [8] , it was shown that the assumptions in Theorem 7 implies W − = 0 and then Hitchin's theorem [7] , [9] was applied. In the context of this theorem, we add an Einstein condition in our case, in fact, a weaker condition by LeBrun [10] . Sekigawa's theorem implies that an almost-Kähler Einstein metric with non-negative scalar curvature is Kähler-Einstein [18] . LeBrun generalized this result by using weaker conditions in the following way. Proof. By Theorem 4, (M, g) defines an almost-Kähler structure with s > 0 and δW + = 0. Then, g is a constant scalar curvature Kähler metric by Theorem 8. Moreover, M is diffeomorphic to CP 2 . By Yau's theorem, if a compact complex surface is homotopy equivalent to CP 2 , then it is biholomorphic to CP 2 [19] . Thus, M is biholomorphic to CP 2 , which we denote by Ψ : CP 2 → M . We claim that a constant scalar curvature Kähler metric on CP 2 is Kähler-Einstein. First, note that b + (CP 2 ) = 1 and therefore the Kähler form ω is the unique representative harmonic 2-form up to rescaling. On the other hand, the Ricci form ρ is a closed (1, 1)-form. The self-dual part of ρ is given by ρ + = ρ+ * ρ 2 . Since dρ = 0, we get dρ + = 0 if and only if d * ρ = 0. In other words, ρ is a harmonic 2-form if dρ + = 0. Note that ρ + is given by < ρ, ω > ω = s 4 ω. Since the scalar curvature s is constant, we get ρ is a harmonic 2-form. Thus, on CP 2 , ρ is equal to ω up to constants and ω is a Kähler-Einstein metric. Then by Matsushima theorem [14] , we get a Kähler-Einstein metric on CP 2 is the Fubini-Study metric up to automorphisms of CP 2 and rescaling. Thus, we get that g on M is given by Φ * cg F S for some biholomorphism Φ : M → CP 2 and for some positive constant c.
Proof. From Theorem 4, we get (M, g) can be oriented so that (M, g) defines an almostKähler structure. With this orientation, we have δW + = 0 since δW = 0 if g is Einstein. Thus, we can apply Corollary 3. Or knowing that (M, g) can be oriented so that the intersection form is positive from Proposition 1, we get the conclusion by using Theorem 7. Note that in this case, we do not use Liu's theorem in order to get M is diffeomorphic to CP 2 .
Remark 5. We note that Gursky-LeBrun's theorem implies, in particular, there is no other Einstein metric with nonnegative sectional curvature on CP 2 except the Fubini-Study metric up to isometry and rescaling.
